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Abstract

Our first main result says whether one decision maker is more risk averse
than another can be determined from their attitudes toward a given two-
parameter family of risks. When all risks belong to this family, risk aversion
can be compared even when initial wealth is random. Our second main
result solves a long-standing problem in mean-variance analysis: what is the
interpretation of the concavity of utility as a function of mean and variance?
We show that in the case of normal distributions, this utility function is
concave if and only if the agent has decreasing prudence.



1 Introduction

This paper investigates the concepts of risk aversion and prudence in situa-
tions where the risks in question are drawn from a two-parameter family of
random variables parametrized by their mean and standard deviation.

A behavioral definition of comparative risk aversion says that one expected-
utility maximizing decision maker is more risk averse than another if any
risky prospect that he prefers to a sure outcome will also be preferred by
the other. In order to determine whether he is indeed more risk averse than
his colleague, it is, however, not necessary to check their behavior in all
possible situations of choice between a risky prospect and a sure outcome. It
is well known, for example, that it is sufficient to consider their behavior in
situations involving binary lotteries.

Our first main result is a new criterion along these lines. It says that in order
to determine whether one decision maker is more risk averse than another, it
is, alternatively, sufficient to consider the decision makers’ attitudes toward
a given two-parameter family of gambles. Furthermore, if one of them is
indeed more risk averse, then any two-parameter gamble that he prefers to a
gamble with lower but not necessarily zero risk will also be preferred by his
colleague. In other words, comparative risk aversion is extended to situations
of “background risk” or random initial wealth, as in Kihlstrom, Roemer and
Williams (1981), provided that the risks belong to the same two-parameter
family:.

Given the two-parameter family of random variables, expected utility be-
comes a function of mean and standard deviation. Because comparisons of
risk aversion are determinate from considering only this family of risks, risk
aversion can be measured in terms of standard deviation and mean, and in-
deed it can be measured by the marginal rate of substitution between mean
and standard deviation, which is the slope of an indifference curve.

Our second main result is an economic interpretation, in the case of normal
distributions, of the concavity of a utility function which is a function of
variance and mean. It turns out that concavity of this function is equivalent
to decreasing prudence.



The concept of prudence was introduced by Kimball (1990). It measures
the strength of the precautionary saving motive, or the motive to save when
confronted with uncertainty about future income.

In order to make our point about concavity and decreasing prudence, we
need to develop the concepts of comparative and decreasing prudence in the
context of a two-parameter family of distributions. We make use of the fact
that Kimball’s theory of prudence is isomorphic to the Arrow-Pratt theory
of risk aversion as applied to minus the derivative of the utility function.
This allows us to transform our results about risk aversion into results about
prudence.

The plan of the paper is the following. In Section 2, we study the concept
of risk aversion. The findings about risk aversion in Section 2 are reinter-
preted in terms of prudence in Section 3. Section 4 shows the equivalence
of decreasing prudence and concavity of the utility function for variance and
mean.

2 Risk Aversion

This section gives a new characterization of comparative risk aversion based
on two-parameter families of distributions.

Let Y be a random variable, and let u be a utility function, defined on the
entire real line.

Assumption 1 The random variable Y and the utility function u satisfy the
following:
e Y has mean zero and variance one

e For every o > 0 and for every p, the random variable u(p + oY) is
integrable

e w is twice continuously differentiable with v > 0 and uv” < 0, and u” is
non-decreasing



e For every o > 0 and for every p, the random variable Y*u"(p+ oY) is
integrable

Define a derived utility function of standard deviation and mean (o, i) by
U0, ) = Bu(ju+ oY)
Let
S(Uv /'L) = _UJ(Uu /‘L)/UN(O-7 ,LL)

denote the slope of the investor’s indifference curve in (o, p)-space at (o, u).

Let uq, us be utility functions satisfying Assumption 1, and let U; and U,
be the corresponding utility functions of standard deviation and mean. Say
that U is more variance averse than U, if for all ¢ > 0, h > 0 and all u, k,
Ui(o,u) < Ui(o + h, u+ k) implies Us(o, u) < Us(o + h, u+ k). Tt is easily
seen that Uj is more variance averse than Uy if and only if Sy (o, u) > Ss(o, i)
for all (o, u) with o > 0, where S; denotes the slope of the indifference curve
of Uy, i=1,2.

Theorem 1 Under Assumption 1, uy is more risk averse than us if and only
of Uy is more variance averse than Us.

Before proving Theorem 1, we need two lemmas.

Lemma 1 U is strictly concave, and the derivatives U,, U, and Uy, exist,
are continuous, and have these properties :

o Uyfo,p)=Eu(u+0Y)>0

o U,(o,u) = E[YU'(u+0Y)], Us(0,u) =0 for o =0, and Uy(o, 1) <0
foro >0

o Uyp(o, ) =E[Y*"(u+0Y)] <0 and U,y (0, 1) = v (1)



PROOF:

Except for the statements about the signs of U,, these results follow from
Nielsen (1993, Proposition 6).

Since v’ is strictly decreasing,

0< E(lyso)Yu'(n+0Y)) < E (Ly=Y ) /(1)

and
0> E (1y<oyYu'(n+0Y)) > E (Ly<yY ) /(1)
Hence,
Us(o,p) = ENYu'(p+0oY)]
= F (1{y20}Yu’(u + O'Y) + 1{y<0}YU/(,LL + O'Y))
< F (1{y20}Y) U,(/,L) + FE (1{y<0}Y) U,(,LL)
=0
O

Define a derived utility function of variance and mean (v, ut) by

W (v, p) = UV, 1)

Lemma 2 W is continuously differentiable (also at v =0) with W, < 0 and
W, >0, and 2W,(0, i) = u"(p).

PROOF:

It follows from Lemma 1 W, exists and is continous everywhere,

Wyu(v, 1) = Up(v/o,p1) > 0

and W, (v, ) exists and is continuous for v > 0:
M/ ( “) U (\/_ M) <0
2\/5
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Recall that U, (0, ) = 0 and U,,(0, ) = u”(n). Therefore,

_ lUU(\/q_jv :u) B UU(()?/‘L)
2 Vv

as v — 0. This shows that W, (0, ) exists and equals

1 1
Wv(onu) - EUUU(()? /'L) - auﬁ(ﬂ)

W (0, p) = u"(1)/2 < 0

It remains to show that W, is continuous at v = 0. Let (v,, i,,) be a sequence
such that (vy, 1) — (0, ). Then

Wi, 1) = Woltn, 1) = 5 7=l (3 ) = U/ 1] = O

Since we have already shown that W,(v,,u) — W,(0,u) it follows that
Wy (U, pin) — Wo (0, ).

O

It follows from Lemma 2 that the slope of the indifference curve in (v, p)-

space at v =0 is
W, (0, 1) 1L (p)

Wu(0, ) 2u/(p)
or half of the Arrow-Pratt coefficient of absolute risk aversion. This was
shown by Chipman (1973) in the special case where Y follows a normal
distribution.

PROOF OF THEOREM 1

First, suppose that U; is more variance averse than Us. Then Si(o,u) >
So(o, ) for all (o, u) with o > 0. Since

Wie(0?, 1) 1 1
N P > =
Wi, (o2, i) 2051(0’ "=z 2(752(07 )

. WQU(027 :U’)
WQ;L(O-27 /‘L)

for all o > 0, it follows that

le(a27 M) < W2v(027 M)
Wlu(027 ,u) N WQM(027 ,u)




for all o > 0 (including o = 0). For o = 0 this implies that

ui(p) _ 2Wu(0,p)  2Way(0,p1) _ up(p)
uy () Win(0,p) = Wau(0, 1) uy(p)

which says that u; is more risk averse than wus.

Conversely, suppose that u; is more risk averse than wu,. Inspired by the
proof of Pratt (1964, Theorem 7), we proceed as follows. Given parameters
1o and s, define functions v; and vy by

1 1
0l0) = —— Bui(po + o5+ ) = —=—Uila, o + 05)

(o) u;(fto)
for o0 > 0,7=1,2. Then

%wyﬂaszkyﬂqCﬂm+a@+m)_%WNW@+YDN

uf (o) us(po)
It follows from Pratt (1964, Equation (20)) that

ui(po + )  uy(po + )
uy (o) (o)

has the same sign as z, for all z. Setting x = s+ Y in the expectation above,
it follows that the expectation is non-positive, and hence, that v} (o) < v5(o).
Given (o, u) with 0 > 0, set s = Sa(o, p) and g = g — so. Then

V() = —— [Uno (0, o + 05) + U (0, o + 75)] = 0
U2(M0)
and hence
1
0> (o) =— [Uro (0, o + 05) + sUy, (0, po + 0s)]
U1(NO)
which implies that
UlU(Uv N)
Si(o,p) = — > s = 955(0,
1( N) Ulu(aa /~L) 2( N)



3 Prudence and Concavity of W

This section develops the concept of prudence in the context of a two-
parameter family of distributions. First, we observe how comparative pru-
dence and decreasing prudence can be expressed in terms of the derived
utility functions of standard deviation and mean. We then show that in the
case of normal distributions, the utility function has decreasing prudence if
and only if the derived utility function of variance and mean is concave.

As in Kimball (1990), consider a two-date model where an investor can bor-
row and lend at a riskfree interest rate of zero. His current wealth w is
known, and his future income z is a random variable. He chooses his savings
x so as to maximize an objective function of the form

v(w — ) + Eu(z + 2)
The first-order condition for optimal choice says
V'(w—1z) = Eu(x+ 2)

If the future income is zero for sure, then the investor’s savings x are deter-
mined by
V'(w—x) = Eu(z) =d(x)

The prospect of the non-zero random future income 2 will increase his savings
relative to the situation where z is zero for sure if and only if

Eu'(z+ 2) < (2)
where x is still the optimal savings from the zero-income situation.

Now u; is more prudent than us if for all non-random savings levels x and all
random future incomes z such that both u(x + z) and ub(z + z) have finite
expectation, Eu)(z + z) < w}(z) implies Euj(x + z) < uh(x).

It is immediately seen, as observed by Kimball (1990), that u; is more prudent
than wuy if and only if the “utility function” —wu] is more risk averse than the
“utility function” —uj.



The derived utility function for standard deviation and mean (o, p) corre-
sponding to the “utility function” —u'is —U,,, where U is the derived utility
function for standard deviation and mean corresponding to wu.

To express prudence in terms of the derived utility function, we need —u’
to satisfy Assumption 1, which will be the case if u satisfies the following
assumption:

Assumption 2 The random variable Y and the utility function u satisfy the
following:

e u is three times continuously differentiable with ' > 0, v” < 0 and
u” >0 and u" is non-increasing

o The random variable Y*u" (u + oY) is integrable for every o > 0 and
every i

Remark 1 Under Assumptions 1 and 2, uy is more prudent than us if and
only if —Uy, is more variance averse than —Us,.

Proor: Follows from Theorem 1. O

Let T'(o, ) denote the slope of the level curve of the function —U,,:

T(o, 1) = =Uuo (0, 1)/ Uppu(o, 1)

It turns out that these level curves coincide with iso-consumption curves. If
uy and us are two utility functions with derived utility functions U; and U,
for standard deviation and mean, and if 77 and 75 denote the corresponding
slopes of the level curves of the functions —U,;, and —U,,, then u; is more
prudent than wuy if and only if

T (07 ,u) = TQ(Ua M)
for all (o, 1) with o > 0.

A utility function u has decreasing prudence if for each k > 0, u is more
prudent than the utility function u* defined by u*(u) = u(u+k). The derived
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utility function corresponding to u* is U* (o, ) = U(o, u + k), and the slope
of the indifference curve of —Uy in (o, u)-space is T%(o, p) = T(o, pu + k).
Hence, it follows from Remark 1 that u has decreasing prudence if and only
if U is more prudent than U* for all ¥ > 0, and if and only if T'(c, u) is a
decreasing function of p.

Assumption 3 The random variable Y and the utility function u satisfy the
following:
e wu is four times continuously differentiable with v <0

o Y s normally distributed

In the case where Y follows a normal distribution, Chipman (1973) has shown
that the second derivative of W with respect to v is

1
Wy, = ZEUHH(:U’ + \/EY)

Thus the assumption above ensures that W,, < 0. Recall that Lemma 2
ensures that W, < 0.

Theorem 2 Under Assumptions 1-3, the following conditions are equiva-
lent:

1. W 1is concave
2. u exhibits decreasing prudence

3. The matriz

1 negative semi-definite



PROOF:

(1) equivalent to (2) : When Y is normally distributed, the derived util-
ity function U satisfies the differential equation U, = oU,,, (see Chipman
(1973)), and the derivatives of U and W are related by U, = 20W, and
U,=W,. So, 2W, = W,,. We know that u exhibits decreasing prudence if
and only if T'(o, ) is a decreasing function of u. Since

Uno Wi

T(o,u) =— =—20 ,
U;m VI/}L}L

T(o, ) is decreasing in p if and only if —W,,, /W, is decreasing in p. The
derivative with respect to p is

_Wuquuu _ WMUWMMM _ _2vawuu — WHUQWUM _ _vaWuu _ WMUWUM'
Wi Wi Wi

This derivative is non-positive if and only if W,,W,, — W,,W,, > 0, which

means that the determinant of the matrix

< Weow W )
W/w VI/}L}L

Since Wy, < 0 and W, < 0, the determinant is non-negative if and only if
the matrix is negative semi-definite, which it is if and only if W is concave.

is non-negative.

(2) equivalent to (3) : This follows directly by differentiating the coefficient
of prudence, —u" /u".

O

Concavity of W is a stronger requirement than concavity of U. Allingham
(1991), in his study of existence of equilibrium in CAPM, assumed that W is
concave, whereas Nielsen (1990, 1992) assumed only that U is quasi-concave
or, in some cases, that U is concave.

Chipman (1973, Theorem 3(c)) showed that condition (3) in Theorem 2 is
sufficient for W to be concave, but he did not give an economic interpretation.
The theorem shows that Chipman’s condition is both necessary and sufficient,
and our equivalent condition (2) provides the economic interpretation.
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